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Abstract: Many of the difficulties of beginning linear algebra students are due to

confusions resulting from the indiscriminate use of different levels of description.

Analysis of these difficulties suggests an entry into linear algebra starting from a

coordinate-free geometric view of vectors, linear transformations, eigenvalues and

eigenvectors, and the use of dynamic geometry software. A principled,

epistemologically based design of such an entry to linear algebra is described, together

with some experimental results on meanings students developed for the notion of

transformation.
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1. A geometric approach to beginning linear algebra

Only relatively recently have mathematics educators turned their attention to the

teaching and learning of linear algebra (see e.g., Harel 1985, Robert & Robinet 1989,

Rogalski 1990, Alves Dias & Artigue 1995; for a state of the art review, see Dorier

19972). Many of the students’ difficulties noted by these researchers stem from the fact

that elementary linear algebra uses three types of languages and levels of description

(Hillel 1997), corresponding to three modes of thought (Sierpinska, Defence,

Khatcherian & Saldanha 1997). They are:

(i) The geometric language of 2- and 3- space (directed line segments, points, lines,

planes, and geometric transformations) corresponding to a synthetic-geometric

mode of thought.
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(ii) The arithmetic language of R
n

(n-tuples, matrices, rank, solutions of systems of

equations, etc.) corresponding to an analytic-arithmetic mode of thought.

(iii) The algebraic language of the general theory (vector spaces, subspaces,

dimension, operators, kernels, etc.) corresponding to an analytic-structural mode

of thought.

Furthermore, the geometric language is carried in a metaphoric way to the general

theory (e.g. projections, orthogonality, hyperplanes, or the denotation of vectors using

arrows). These three languages and modes of thought coexist, are sometimes

interchangeable but are certainly not equivalent. Knowing when a particular language

is used metaphorically, how the different modes of thought are related, and when one is

more appropriate than the others is a major source of difficulty for students.

A very common approach in elementary linear algebra is to start with the arithmetic

approach (in R
2

or R
3
) with vectors as tuples and transformations as matrices, and then

to make the link to geometry via analytic geometry, so that a vector (x,y) is represented

as an arrow from the origin to the point P(x,y). Linear transformations are often

introduced by a formal definition as transformations of vector spaces which preserve

linear combinations of vectors. Very quickly, however, the example of multiplication

by a matrix is given much prominence. Some multiplication-by-a-matrix

transformations in R
2
such as reflection (
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), projections, rotations

and shears are normally interpreted geometrically to help the students make the link

between the new concept and their assumed high school knowledge.

This approach has several shortcomings and is a source of confusion for students.

For example, it may prevent one from even talking or thinking about non-linear

transformations. Also, tying a vector to a preferred system of coordinates, which is

unavoidable in the arithmetic approach, leads to serious difficulties in distinguishing

between the vector and its different representations relative to non-standard coordinate

systems (Hillel & Sierpinska 1994). Furthermore, for many students the transition from

the arithmetic to the structural view of linear algebra is a hurdle they never manage to

take.
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Why have we chosen a geometric entry into linear algebra? Some reasons for this

can be found in the history of the domain. We refer to Dorier’s (19971) analysis which

stresses the importance of geometric sources of many algebraic concepts. For example,

Grassmann openly admitted to a geometric inspiration when he introduced his notion of

vector as a “displacement”. In fact, the synthetic-geometric mode of thinking in linear

algebra focuses on those properties that are independent of the choice of basis and thus

brings one closer to the concept of the general vector space than the analytic-arithmetic

mode does (Sierpinska 1996).

Contrary to the analytic-arithmetic approach to the teaching of linear algebra

described above, a geometric approach easily allows for the consideration of examples

of non-linear transformations. Since concept images are formed on the basis of

examples and non-examples (Vinner 1983), this is essential for forming a solid concept

image of linearity. A geometric approach also allows one to defer the introduction of

coordinates until after vectors and transformations become familiar objects; moreover,

coordinates can then immediately be introduced for a general basis rather than for the

particular standard basis.

Such considerations suggest that a concrete, geometric but coordinate-free entry

into linear algebra might help students to develop their analytic thinking about

elementary linear algebra concepts. Geometry as a source for the development of

intuitions related to linear algebra concepts has been strongly advocated both by

mathematics educators and textbook authors (e. g., Banchoff and Wermer 1992).

Presently, the latter idea is often realized with the support of computer graphics. The

notions of linear transformation and eigenvector/eigenvalue have received special

attention in this respect (e.g., Martin 1997). The computer constructions and

visualizations of linear transformations and eigenvectors are sometimes quite

ingenious, leading to interesting mathematical problems. They are certainly a joy for

the mathematician, but it is not clear if and how they can be useful in the teaching and

learning of linear algebra at the undergraduate level. While the mathematics underlying

the computer visualizations and descriptions of some technicalities of the design of

these visualizations have been studied, no accounts of teaching with their use and of

students’ reactions to such teaching are available. There seems to be a need, in

mathematics education, for research in this direction.
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Our research responds to this need: We investigated the option of using a geometric

entry into linear algebra and, more specifically, to the notions of vector, transformation,

linear transformation and eigenvector in two dimensions. We have designed and

experimented in a controlled fashion a sequence of teaching/learning situations focused

on these notions. The approach is conceptual rather than technical. The notion of

transformation naturally leads to the question of the relation between a vector and its

image, for example, whether the images of two (or more) vectors lying on a line, also lie

on a line. In order to facilitate this approach and to afford students an exploratory

environment, we chose to use a dynamic geometry software (Cabri II; Laborde &

Bellemain 1994). Thus, a set of activities with Cabri is a central feature of our design

allowing a geometric and exploratory introduction of notions such as linearity and

eigenvectors.

Our study has a theoretical and an experimental component; the theoretical

component is concerned with epistemological / content analysis as well as with the

design of a sequence of learning activities. A first and brief version of six main stages of

the design has been presented in Dreyfus, Hillel & Sierpinska (1997). Elements of an

epistemological analysis of the design and its experimentation can also be found in

Sierpinska (1997, in press).

The experimental component consists of a trial run with one pair of students, R and

C, who took part in a sequence of six two-hour sessions with a tutor. The students were

undergraduates majoring in a social or natural science domain who had taken a ‘baby’

linear algebra class during the preceding term, and had been classified as average to

good students by their instructor. One aspect of the experimental component, namely

the students’ conceptions of the linearity of a transformation, has been reported in

Hillel, Sierpinska & Dreyfus (1998). In this paper, we concentrate on another aspect,

namely the students’ conceptions of transformation, and in particular on how their

conceptions may be linked to the design we have chosen and to the role Cabri activities

play in this design.
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2. The Cabri model for the 2-d vector space: The notion of

vector

Several design decisions had to be taken with respect to the notion of vector. For

example, in view of the historical roots of the concept it might have been natural to

define a vector as a displacement; this would also have supported a structural notion of

vector. However, we thought that the price to pay, in terms of conceptual complexity,

would have been too high. Indeed, if R2 is considered as a space of translations, then

transformations of R2 lose their geometric meaning as transformations of the plane.

They become transformations of a space of transformations (translations) of the

Euclidean plane, a notion which could be very difficult for the students to handle.

Vectors in our design are thus modeled by points in the Euclidean plane with a

distinguished point called ‘the origin’ and labeled ‘O’. The vectors are represented by

arrows, emanating from O. We chose to represent vectors by arrows because we

thought that the visual representations of transformations would be clearer on larger

objects than on dots, and especially, that the use of arrows would make it easier to

identify invariant lines.

We also decided to skip the process of abstraction of free vectors from the relation of

equipollence, and work directly with one standard representative for each equipollence

class. While this limits the geometrical figures one can work with, we believed that it

would render the notion of equality of vectors trivial: Two vectors are equal if they are

identical.

Operations on vectors are defined in our model by reference to geometric concepts:

The sum of two vectors u and v is the vector w such that the figure Ouwv is a

parallelogram. The vector kv is defined as a vector w such that w lies in the line Ov and

is k times as far from O as v, with a convention linking the sign of k and the mutual

orientation of v and w.

It is a crucial aspect of our model that an arrow representing a vector can be moved

by dragging its endpoint, thus representing a variable vector. A detailed analysis of the

notion of vector in our design is presented in Sierpinska, Hillel & Dreyfus (1998).
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3. Transformations

In the second session, and before being introduced to the notion of linear

transformation, the students were to be familiarized with the language and

representation of transformations in general (not necessarily linear), in the Cabri model

of the two-dimensional vector space. For this purpose, the tutor chose a (blue) vector v

and a transformation (e. g., a rotation by 60 degrees around O, or a projection on a given

line), and applied the transformation to the vector so as to obtain the image, i.e. another

vector which is colored red and given a label of the type ‘T(v)’. The tutor dragged the

endpoint of the arrow representing the vector v. He said to the students: ‘Look what

happens to v and what happens to T(v)’.

The action of dragging and drawing the students’ attention to the relation between v

and T(v) was intended to convey two ideas: The transformation is defined for any

vector in the plane, and there is some constant relation between v and T(v).

In the third and fourth sessions, the students carried out a considerable number of

activities concerning transformations; for example, after having been introduced to the

notion of linear transformation, and presented with examples of linear as well as

non-linear transformations, they were asked to check several transformations as to

whether they were linear or not. They did this by choosing, say, a vector v and a number

k and checking whether the vector T(kv) coincided with the vector kT(v) for the chosen

v and k; even if they coincided, however, the students did not attempt to vary v by

dragging them around the screen and check whether the relationship remains valid. A

detailed analysis of the notion of transformation in our design is presented in

Sierpinska, Dreyfus & Hillel (1998).

4. The students’ conception of transformations

The students seemed to understand the term ‘transformation’ as if it referred to a vector,

namely, the vector labeled ‘T(v)’, where v is the variable vector of our Cabri model of

the two-dimensional space. ‘Transformation’ did not, for them, seem to refer to a

relation or dependence between v and T(v) but to an object T(v) whose position

depends on the position of another object v.

European Research in Mathematics Education I: Group 2 214

http://www.fmd.uni-osnabrueck.de/ebooks/erme/cerme1-proceedings/cerme1-proceedings.html



The students were reading ‘T(v)’ as ‘the transformation of v’ and not as ‘the image

of v under the transformation T’. The tutor did not attempt, at first, to correct the

students’ language and even adopted the expression in his own discourse. While the

expression ‘the transformation of v’ could function merely as a metonymy in the

language, it can also be a symptom of a focus on images of particular vectors.

This conception came clearly to light in the fifth session when the students were

asked to construct a projection in Cabri. On the Cabri screen, there were six vectors

labeled v1, v2, w1, w2, v and T(v). The vector T(v) was constructed under the assumption

that T is a linear transformation such that wk = T(vk) for k=1,2. In other words, a macro

was used which finds numbers a and b such that v= av1+bv2, and returns the vector

aw1+bw2. The students did not have access to the macro, but could move the vectors v1,

v2, w1, w2 freely and thus obtain different (linear) transformations. At this stage in the

sessions they were supposed to have understood how the vector T(v) is determined by

the mutual positions of the vectors v1, v2, w1, w2. They were expected to construct a

projection onto a given line L by re-defining the vectors wk as projections of the vectors

vk onto L, or at least move the vectors wk to the positions of the projections of the vk

onto L.

The students, however, did not do this. They ‘manually’ searched for some position

of the vectors vk and wk so that for the specific given vector v, T(v) coincided with and

thus looked like the projection of v onto L. If v were dragged to another position, the

relationship would have been destroyed.

R even wanted to check that the line between v and T(v) was perpendicular to L. He

asked C (who was holding the mouse) to draw a perpendicular to L through v and then

move v1, v2, w1, w2 so that T(v) would lie on L. C managed to ‘position’ (as she put it)

the vectors vk and wk so that this happened, at least in appearance. R was satisfied, but C

was still concerned about what would happen ‘as soon as we move all these’. R

dismissed her worries, saying that that’s what they asked for.

This was his interpretation of the expectations of the designers: T(v) has to be the

projection of v; for each position of v a special configuration of the vectors vk and wk

can be found so that T(v) is the projection of v. He was clearly conscious of this

situation:
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R: Well, you see, if you move the vectors, T(v) won’t be the projection anymore…

‘Cause that’s all they asked for. We don’t have to do anything else. We have to

find a way that T(v) is a projection. And there are many ways we can do that

… It’s very specific. It’s only for this v that it works because of where v1 and v2

are.

We stress in particular R’s use of T(v) in We have to find a way that T(v) is a

projection. To him, the vector T(v) has to be a projection of v - nothing else.

5. Possible sources of the students’ conceptions of

transformation

When functions on real numbers are considered, it is common practice not to stress the

distinction between f and f(x): we usually say ‘the sine of x’ not ‘the image of x under

the sine function’. This background seems to have influenced the students’ conception

of transformation more than the Cabri-environment which makes varying vectors

natural and, in fact, difficult to avoid; and the tutor’s use of language seems to have

influenced them more than his regular and repeated demonstrations how to check

properties “for all” vectors in the Cabri environment.

The intentions of the designers and the tutor when dragging the endpoint of an arrow

representing a variable vector v around the screen was to convey the notion that v

represents “any vector” and that the transformation T is defined for all vectors v.

However, the variable vector v is often referred to as one single object: “the vector v”.

This could give students the idea a transformation refers to one single vector: If v

represents one single vector and T(v) depends on it then T(v) also represents one single

vector. Hence ‘T(v)’, read as ‘the transformation of v’ denotes a well defined object.

The invariance of the relation inherent in the notion of transformation, as intended in

the design, was replaced in the minds of the students, by the invariance of an object.

The deepest cause of the students’ ‘T=T(v)’ conception of transformation was

probably the fact that the design neglected the question of equality of transformations.

The question is: When a vector v has been transformed into a vector v’, and a vector w

has been transformed into a vector w’, how do we know whether they have been
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transformed by the same transformation? Can we decide it for any pair of vectors in a

given vector space? The students were not given an opportunity to reflect on this

question. But even if they were, it is not clear whether having v, T(v), u, S(u) would lead

students to distinguish between a transformation and an image vector. For example, if u

is dragged to overlap with v and the students notice that T(v) and S(u) coincide, they

may still remain stuck with the ‘T=T(v)’ view of transformation. Cabri wouldn’t let

them move u and v simultaneously. Of course, the identity of two transformations S and

T can be established by showing that they coincide on two linearly independent vectors

u and v: If S(u)=T(u) and S(v)=T(v) then S=T. But in order to realize this, rather

sophisticated knowledge is necessary; such knowledge is not easily available to

students at the stage when the question of equality of transformations should be

broached.

6. Conclusion

The students’ inadequate conceptions appear to be due to several interacting and

compounding factors. One of these is directly linked to the generic nature of objects in

dynamic geometry. According to our design, a Cabri vector is generic, it represents

‘any’ vector. This considerably complicates the question when two vectors are equal as

well as when two transformations are equal. If a vector is dragged to another place, is it

still the same vector? If a linear transformation is defined by its images on two

non-collinear vectors v1 and v2, is the transformation preserved when v1 or v2 are

moved?

The objects - vectors and transformations - which our design made available to the

students are different from those available in a paper and pencil environment. The

students were provided with a representation of these concepts decided on by us, the

designers, and implemented in Cabri. Students thus worked with and manipulated

objects in Cabri which they could never work with in a paper and pencil environment.

During the design process, some crucial decisions had to be taken about the

representation of the concepts. One of these was to decide whether the arrow

representing a vector should have fixed length, fixed direction, and a fixed initial point.
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As described above, we decided on a fixed initial point but variable length and

direction. We thus created an object which might be called a ‘variable vector’, named v,

which can take on ‘any’ length and ‘any’ direction. This is no different, in principle,

from creating a variable number (scalar), named k, represented by a point on a number

line which can take on ‘any’ real value. By the way, our environment also included such

scalars; they were used when multiplying a vector by a scalar.

A variable vector has an unstable existence. Only while being dragged does it exist

as such: a variable vector. When dragging stops, only a very partial record remains on

the screen: An arrow with given, potentially variable length and direction. The

variability remains only potential, in the eye (or mind) of the beholder. If the student

looking at the screen is not aware of this potential variability, the variable vector has

ceased to exist as such.

The specific notion of vector which we used has immediate implications for the

notion of transformation: A transformation can only be described in terms of what is

being transformed. And what is being transformed is a vector, in our case a variable

vector. In fact, a single variable vector suffices to describe the entire transformation.

But when this variable vector used to describe a transformation ceases to exist as above,

due to the fact that it is not being dragged, and not even conceived of as being

potentially variable, then the transformation disappears along with it. And this is

precisely what happened in the projection activity reported above.

It is instructive to observe the extent to which representations of vectors and

transformations are visible, and thus concrete. In a paper and pencil environment,

typical representations of vectors are easily visible. In our Cabri environment, a static

vector, as opposed to a variable one, would be similarly visible but is not usually an

object of consideration. The more complex variable vector, however, is visible only to a

limited extent, because of its fleeting appearance: At any instant in time, we see only a

single one of its instantiations. In this sense, the variable Cabri vector is less visible than

a paper and pencil vector. On the other hand, the Cabri environment gives far more

visibility to transformations than a paper and pencil environment. In fact, a variable

vector and its variable image under the transformation can be placed on the screen

simultaneously. In this situation, the effect of a transformation is directly observable,
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thus indirectly lending some visibility to the transformation itself. Transformations are

thus rendered far more concrete than in paper and pencil environments.

In our design, the central notions of vector and transformation are strongly

dependent on the technological tool. It is therefore expected that students’

argumentation and their notion of proof will also be influenced by the tool. For

example, the tool can play a crucial role in the activity in which the students were asked

to prove the linearity of a given transformation. In this activity, the relationship

T(ku)=kT(u) must be verified for all vectors u and all scalars k. In words more

appropriate to our Cabri representations, the relationship has to be valid for a variable

vector u and a variable scalar k. While it is not possible to check the relationship for

strictly all cases, it is definitely possible to check it for a variable vector v by

implementing it for one (static) instance of the vector and then dragging the vector.

Such checking, if carried out systematically, can be expected not only to provide

students with a concrete geometrical meaning for the relationship T(ku)=kT(u), but

also to make palpable the idea of checking the relationship for all vectors v and for all

scalars k.

Similarly, the issue what constitutes a projection was expected to be dealt with for a

variable vector. Above we have shown that this is not what happened. The students did

not drag; in other words, they did not acquire the concept of a variable vector in the

manner expected by the designers.

In summary, the notion of vector and the notion of transformation which we used in

the design described in this paper are strongly tool dependent. As a consequence tools

are expected to shape students’ conceptualizations. The representations we used, and

the sequence of activities which we asked the students to carry out were a first attempt

at providing a dynamic representation of vector and transformation. It would have been

unreasonable to expect that this first attempt is perfect, and clearly it was not. It did,

however, provide the basis for a redesign which will be reported elsewhere.
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