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Abstract: This study relates the role of the teacher to the epistemological features of the

classroom mathematics. Forty mathematics lessons given to 10-12 year old pupils were

analysed in this respect. The results show that the teaching approaches used tended to

treat the epistemological features of mathematics in a unified manner.
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1. Introduction

There have been many theoretical approaches within research in mathematics

education regarding the nature of mathematical knowledge and the processes of

learning and teaching mathematics. Sierpinska and Lerman (1996), in an interesting

review of the relevant literature, outline the basic elements and principles of the various

approaches (constructivism, socio-cultural views, interactionism and theories based on

the epistemology of meaning) and pose the question to whether, in relation to

epistemology, all these approaches are competitive or complementary. Although the

answer to this question cannot be conclusive, there are a few clear and interesting points

that arise from the relevant debate:

• the classroom is a social, institutional creation,
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• the study of learning and teaching involves phenomena of a heterogeneous nature,

despite the fact that epistemological views of mathematics do not apply directly to

teaching, there are very strong links between these epistemologies and theories of

mathematics education.

There is considerable evidence in the literature that the epistemological conceptions

play an important role in the construction of mathematical knowledge. However, it is

still unclear how these conceptions are shaped through the interaction within the

mathematics classroom.

2. Theoretical framework

For pupils, mathematics acquires its meaning through school content as well as the

relationships and interactions developed among the social and cognitive partners of the

classroom (teacher - pupils). In addition, the organisation and inter-relations of the

elements of the content; their relationship to problems, situations and representations;

the evaluation and interpretation of these elements within the classroom, and the

individual’s functional role in and outside the classroom also play an important role in

pupils’ attempts to make sense of school mathematics (Sierpinska and Lerman 1996,

Seeger 1991, Steinbring 1991 ).

The above consideration is based on the assumption that children learn directly, a

procedure depending on the content of mathematics and their action on it, as well as

indirectly through their participation in the cultural environment of the classroom.

Thus, for example, pupils learn what is important in mathematics by observing what is

emphasised and which types of solutions are marked by the teacher and the other pupils

(Sierprinska and Lerman 1996, pp 850-853). It could be argued that children interpret

the events by attributing to each of them a value proportional to its usefulness to the

mathematics lesson. These interpretations concern the meaning of concepts and

processes as well as the nature and value of concepts and processes of the system of

knowledge.

European Research in Mathematics Education I: Group 1 169

http://www.fmd.uni-osnabrueck.de/ebooks/erme/cerme1-proceedings/cerme1-proceedings.html



In this context, the study of the nature and organisation of the mathematical content

becomes of particular importance. This study requires an analysis of the ways in which

epistemological elements of mathematics, such as the nature, meaning and definition of

concepts, the validation procedures and the functionality of theorems appear in the

classroom, especially in the process of (linguistic) interaction.

The role of the teacher in introducing the epistemological features in the

mathematics classroom is more than important. S/he is considered responsible for the

socio-mathematical norms of the classroom which, indirectly, determine what counts

as mathematical thinking (Voigt 1995, p 197). S/he is seen as the agent who gives birth

to culture (Bauersfeld 1995, p 274), the subject pupils address themselves to in order to

attain their mathematical knowledge (Steinbring 1991, pp 67-73). Furthermore, the

teacher, being the prevailing source concerning the content of mathematical

knowledge, is considered to be the factor that determines the epistemological level of

the development of the mathematical concepts in the classroom. As a result, as

Steinbring suggests, many of the difficulties children have in understanding

mathematics appear because teachers’ knowledge and pupils’ knowledge are situated

on different levels.

The analysis that follows focuses on the study of the relationship between the role of

the teacher on the one hand and epistemological features of the classroom mathematics

on the other. In particular, an attempt is made to examine the way the teacher handles

the nature, meaning and definition of the concepts, the validation procedures and the

functionality of theorems in the classroom. In the following, these features are referred

to as “epistemological features”.

3. Methodology

The data collected for this study were 40 lessons in mathematics observed in various

classes of the last three grades of the elementary school (10 - 12 years old) for over a

week in the city of Ioannina (north-western part of Greece). The lessons chosen for the

present study come from three different schools and nine teachers. While selecting the
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classes, two factors were taken into account: the type of pedagogical organisation and

the interaction between teachers and pupils. More specifically:

• the pedagogical profile of the teacher (authoritarian (A), directive (DR), dialectic

(DL));

• the forms of communication adopted in the classroom (teacher-centred,

child-centred, pupil to pupil interaction);

Another factor taken into account was the degree to which the lesson depended on

the curriculum and the textbook. In specific, we considered whether the teacher follows

the textbook closely (TC), or in a more flexible way (TF) or s/he teaches based on

his/her own ideas and ways of developing the topics taught and not on the textbook

(TN)). It is worth noting that all Greek schools use the same textbooks, distributed free

of charge by the Ministry of Education.

The above selection helps in examining the epistemological features of mathematics

developed in a variety of forms of classroom interaction.

The lessons were taped, transcribed and analysed along the following two

dimensions:

• the organisation and interrelationships of the various elements of the

mathematical content (concepts, definitions of concepts, theorems and

functionality of theorems);

• the organisation and selection of the elements of the mathematical activities

(solving and proving processes, validation processes -checking and evaluating

solving processes and solutions-).

4. Presentation of data and discussion

The distribution of the analysed lessons regarding the pedagogical organisation, the

interaction within the classroom and the use of the textbook was as follows:
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Pedagogical organisation: 2 authoritarian, 5 directive and 2 dialectic teachers.

Interaction within the classroom: teaching was teacher centred in all nine classes.

Use of textbook: 3 teachers followed the textbook closely, 3 in a flexible way and 3

teachers made little or no use of the textbook.

In the following, elements of epistemological features concerning the mathematical

content and the activities found in the analysis of the transcribed lessons are presented.

The focus was on the features concerning the mathematics “produced” in the classroom

rather than teachers’ or pupils’ epistemology.

Episodes from the nine lessons are used in order to illustrate the findings.

4.1 Elements of mathematical content

In general, the way in which the nature, meaning and definitions of mathematical

concepts are presented and dealt with in the classroom does not allow them to be

distinguished from one another, regarding their meaning and their role in mathematics.

Thus, these elements of the mathematical content lack epistemological characteristics.

Concepts

Concepts are often reduced to processes of manipulation, construction and recognition.

Example 1: In the episode that follows, the teacher (DL, TN) presents a decimal

number explaining the process of recognition (10 years old):

T(eacher) ... decimal fraction units and decimal fractions are written in the form of a

decimal number which is recognised by the comma or decimal point. The 1/10 is

written as 0 integral units and 1 tenth …

Example 2: In this episode, the teacher (DR,TC) presents the area of a rectangle as a

process of counting and through this he generalises (11 years old):

T. ... Count the ( number of) boxes (square centimetres), how many boxes are there?

P(upil). There are 12 boxes.
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T. So, the area of the rectangle is 12 square centimetres. Then, how can we find the

area of a rectangle? What do we have to multiply?

P. ......

T. The area of the rectangle is: base by height and we measure it in square

centimetres or square metres. …

Example 3: In the following episodes, the concept of a triangle is reduced to the

process of construction and manipulation of a “real” object (11 years old pupils / DR,

TF teacher).

T. ... If I take three points and join them, what do I end up with?

T. (In another occasion) ... The base is the side on which the triangle “sits”. Could we use

all three sides of the triangle as a base?

P. No!

T. Of course we can. But we use as base the side on which the triangle is better

balanced. However, any side could be the base …

The same happens in the following examples, where teachers develop a series of

concepts:

T. ... fractional unit is one of the equal parts in which we divide the whole unit.

(construction)

T. ... decimal fractions are generated by the repetition of decimal fraction units.

(manipulation).

T. ... if I will draw a perpendicular from the angle (from the vertex to the opposite

side), this is the height (construction and recognition).

Definitions of Concepts

Definitions, often confused with processes similar to those described in the previous

section, do not define the concepts: they simply explain how to manipulate the elements

to which they refer. The mathematical function of “definition”, its differentiating and

identifying role, does not appear anywhere. Pupils are often asked to learn definitions

within the context of the lesson’s demands, that are used nowhere else.
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Example 1: Pupils measure the size of the angles of a triangle, in order to determine

what an acute triangle is (12 years old pupils / DR, TF teacher).

T. We measure and compare the angles.. What type of angles are they?

P. Acute angles

T. The triangle is an acute triangle.

Example 2: Two pupils have measured the length of the three sides of a triangle in

order to define the concept of perimeter (12 years old pupils / A, TN teacher).

T. We add and how much do we find?

P. 11 cm.

T. We call these 11 cm perimeter.

Example 3: In the quotation that follows, the confusion between definitions and

practical procedures becomes apparent (12 years old pupils / DL, TF teacher).

T. Take the pair of scissors and cut this cardboard on which you have drawn the

circle. How is this circular surface that has been created called?

P. Circular disk

T. And the circular line round the piece of paper you have cut out?

P. Circle

T. What is the difference between the circle and the circular disk, as you see it on the

cardboard?

Teachers ask and elicit definitions through construction or measuring processes.

These “definitions” are absolutely oriented and restricted to the frame from which they

come. They constitute the result of an action and not the setting of the limits of the

concepts.

Theorems

Similar features are observed in the theorems/properties which are differentiated

neither from the definitions nor from the processes.
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Example 1: In the episode that follows, it is clear that the presentation of a theorem is

not distinguished from definitions and processes (11 years old pupils / DR, TF teacher).

T. If we construct an acute triangle and measure its angles, what will we see?

P. 70°+50°+60°=180°

T. In the acute triangle the sum of the angles is 180°.

The generalisation which will lead to the theorem has already been done.

In the consequent lesson, the classroom deals with the sides of a triangle.

T. Let’s construct an acute triangle and measure its sides. (Children measure with

the ruler and the teacher writes on the board)

T. 2,5+4+4,5=11 cm. Thus, the sum (of the length) of the three sides is 11cm. How

do we call this?

P. .......

T. We call the sum (of the length) of the sides perimeter of the triangle.

The generalisation that leads to the definition has already been made; the process is

exactly the same as in the previous episode.

Example 2: In this episode, the way the teacher elicits the definition and the

properties is absolutely muddled (11 years old, DR, TF teacher).

T. ... thus, what do we have in the isosceles triangle?

P. Two sides equal?

T. Yes, and what else?

P. And two angles equal

T. ( .. a little later) So, what do we call equilateral triangle?

P. The one that has three equal angles and three equal sides.

This negotiation refutes the view that one feature is enough to characterise an

isosceles or an equilateral triangle and that the properties derive from the definition.

The two features are placed on the same level through the teacher’s questioning.

European Research in Mathematics Education I: Group 1 175

http://www.fmd.uni-osnabrueck.de/ebooks/erme/cerme1-proceedings/cerme1-proceedings.html



Furthermore, theorems and processes are often confused in teachers’ discourses.

Examples of this are:

T. ... when we compare decimals, we look at the integral part of the number and at

the tenths (decimal part)

T. ... when the denominator is 100, we have two digits after the decimal point.

T. ... to write 3,5 in such a way so that it sounds like centimetre.

4.2 Elements of mathematical activity

The activity developed in the mathematics classroom is often, almost entirely, deprived

of the characteristics of mathematical processes which have to do with the pursuit of

solving and proving procedures, as well as checking and confirming (validation).

Solving - Proving Procedures

The problem-solving methods which arise in the classroom do not constitute a process

to negotiate or a subject matter of discussion, but a typical course towards the solution.

The frequent processes of measuring used in the classroom to approach concepts and

properties are a typical example of this.

Example 1: The teacher (DR, TF) provides the pupils with various triangles which

they divide into categories according to the size of their angles, which they first

measure. In the example that follows, the teacher suggests measuring as a process of

proving (11 years old).

T. Now, take your protractor and measure the angles and decided what kind of

triangle it is.

P. In the first triangle there is a 90° angle.

T. How did you find it?

P. It looks like it, it seems to be a right angle.

T. In mathematics Billy, we can’t claim something without being able to prove it.

Take the protractor please, measure the angle and tell me whether it is in fact 90°.
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A week later, the same pupils are asked to solve the following problem “How much

do the angles measure in the triangle below?” (isosceles triangle ABC (angle B= angle

C), angle A=80°) (12 years old).

T. The two angles are equal to each other. How many degrees are both together?

P. 100°

T. So, each angle is ...?

P. 50° each

T. Write it down.

P. We should measure them.

T. No, we shouldn’t.

A few days later, the same class uses again measuring as a proving procedure, but

instead of the angles pupils worked with the sides of the triangle. In other words, there

was a turning back with no explanation or negotiation.

In the above example, the teacher refuses to discuss the validity of the two methods

of proof, although this issue is raised by the pupil. It is evident that the child believes

that the measuring process provides more valid results compared to the application of

the general theorem to a particular case. Furthermore, in using the measuring process a

little later, the teacher reinforces the pupil’s mistaken idea about the validity of one

method (process) against another.

The following are typical examples of converting the solution - proof to a particular

course of operations, which devalues the solving-proving process.

Example 2: The problem given is the same as in the last part of example 1. One pupil

answers immediately (12 years old pupils / A, NT teacher ):

P. 50°

T. (He does not ask, for example, “how did you find it”, but) A little better?

P. (Changes her solution to the typical process) I subtract 80°from 1800 and divide

by two.

Example 3: The problem asks for 3/8 of a kilo (10 years old pupils / DR, TF teacher).
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T. What will you do?

P. ... Well ... I will divide the kilo by 8 (1000:8 = 125 ) .... and then .... I will then

multiply 125 by 3.

Validation (Checking and Confirming) Procedures

Checking and confirming procedures fall into two categories in the transcribed lessons.

In the first, the correction and confirmation are done directly by the teacher. In this first

case, s/he uses expressions like “Yes”, “No”, “Well done”, “This is it”, “I would like

better”, “Haven’t you forgotten something?”. Although it is often clear that s/he agrees

with the answer, s/he asks for its confirmation.

Example 1: The teacher (DR, TF) provides three cases of triangles, where the sum of

the size of the three angles is equal to 180° (12 years old).

T. What do we notice here?

P. Sir, the sum of (the size) of (all) angles of a triangle is 180°.

T. Very well! That was my point.

In the second case, in order to prove the correctness of an answer, the teacher

addresses the class for consensus. One pupil corrects but the final confirmation is done

by the teacher.

Example 2: (10 years old pupils / DR, TN teacher)

T. 0.5 and 0.35, which one is the larger?

P. The 0.35

T. I agree, who else agrees?

P. (another pupil) Nobody, it’s 0.5.

T. Correct.

Example 3: In a problem of calculating an area, a pupil wrote that it is 16 metres (11

years old pupils / DR, TC teacher).

T. Do you have anything to say?

P. (another pupil) 16 s.m. and not 16 m

T. Well done.
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From the above examples, it could be argued that the assignment of the right to

check, which means recognition of knowledge or ability to solve, is cancelled since it is

accompanied by the final approval of the teacher. The existence of an external assessor

creates difficulties in recognising the role of the proof in establishing the truth of a

statement in mathematics.

5. Conclusions

As argued in the earlier, the teaching observed had different characteristics regarding

the profile, the focus of communication and the degree to which the lesson depended on

the curriculum and the textbook. However, a number of similarities in the presentation

of epistemological features of mathematics have been located, despite the

differentiation with respect to the type of interaction inside the mathematics classroom.

These similarities are summarised below:

1. The presentation of the mathematical content shows a particular homogeneity inside

the classroom.

• the concepts and the definitions are reduced to procedures of manipulation,

construction and recognition

• the theorems are distinguished neither from the definitions nor from the

processes.

2. The activity which is developed inside the mathematics classroom bears almost

none of the epistemological features which characterise mathematical processes.

• the methods of problem solving constitute a typical, non-negotiable route to the

solution

• the validation (checking and confirming) procedures are submitted to the

teacher’s final approval.

The above indicate that school mathematics, as a system, is differentiated from

mathematics as a discipline as far as its basic features is concerned. It is highly probable

that this differentiation shapes pupils’ conceptions of mathematics and mathematical

knowledge in such a way that it inhibits them later on from adapting the features of
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mathematics and mathematical activity (for example, see children’s difficulties with

the concept of proof and the process of proving in the article by Hoyles and Healy in

these proceedings).

3. The analysis of the role of the teacher in the preceeding episodes reinforces the

views outlined in the beginning, that s/he is responsible and functions as an agent for

the epistemological level of the development of mathematical knowledge in the

classroom (Bauersfeld, 1995, Steinbring, 1991). This role of the teacher is

manifested in the way in which s/he phrases the questions; in the types of the

answers and processes s/he requires on a variety of occasions and in the way in

which s/he assesses the answers or the solutions of the pupils.

The above findings lead to the following questions:

• Is the teachers’ behaviour solely a result of their role in the classroom and their

understanding of this role or is it related to their views about mathematics and

mathematics teaching?

• Given that the primary school teacher usually teaches almost all subjects, is it

possible for the same person to change their role and framework in teaching one

subject after the other?

A first attempt to answer these questions could be that teachers do not appreciate

that there are epistemological differences between mathematics and the other subjects

they teach and do not have clear or have incorrect ideas about the nature of

mathematics.

Such an interpretation leads to a more general problem, this being the relationship

between interaction and knowledge in instruction. Therefore, the improvement of

mathematics education requires changes, as Seeger says, in “the very notion of content”

(Seeger 1991), as it is related to teachers and teaching.
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