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Abstract: This paper reports on the results of a study of the epistemologies of seventy

research mathematicians utilising a model containing five categories, socio-cultural

relatedness, aesthetics, intuition, thinking style and connectivities. The perspectives of

the mathematicians demonstrate extreme variability from one to another but certain

persistent themes carry important messages for mathematics education. In particular,

although mathematicians research very differently, their pervasive absolutist view of

mathematical knowledge is not matched by their stories of how they come to know, nor

of how they think about mathematics.
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1. Introduction

Mathematics is not accepted by everyone as the inevitable and only possible product of

an inexorable process which is independent of those mathematicians who pursue it and

of the time and place where it is pursued. There is a literature (for example, see Bloor,

1991, Davis & Hersh, 1983, Lakatos, 1976) which critiques philosophical and

epistemological perspectives on the ‘objectivity’ of mathematics, rejects absolutism

(Ernest, 1991) and attempts to build links between the socio-cultural positioning of a

subject as powerful as mathematics and its epistemological stance (for example, see

Lerman, 1994, Restivo et al., 1993, Skovsmose, 1994). In many ways, this literature

matches similar critiques made by philosophers and sociologists of science (for

example, Harding, 1991, Rose, 1994) of reductionism and claims of value-free

‘objectivity’. In Burton, 1995, I used the critical literature to derive an epistemological

model built upon five categories. I conjectured that this model could offer a framework

for exploring and possibly explaining links between coming to know mathematics, as a

researcher, and as a learner. The five categories were:
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• person- and cultural-social relatedness;

• aesthetics;

• intuition and insight;

• styles of thinking;

• connectivities.

I pointed out that:

Knowing mathematics would, under this definition, be a function of who is

claiming to know, related to which community, how that knowing is presented,

what explanations are given for how that knowing was achieved, and the

connections demonstrated between it and other knowings. (Ibid: 287)

In 1997, I undertook a study with thirty-five women and thirty-five men in career

positions as research mathematicians in universities in England, Scotland, Northern

Ireland and the Republic of Ireland in order to explore how robust was my model as a

way of describing how they came to know mathematics. I was also particularly

interested in comparing the research practices of these mathematicians with the

teaching practices used with learners. There has been an emphasis in the international

mathematics education literature on the importance of coming to know through a

process of socio-cultural construction and on problem-solving and investigational-style

activities to encourage this process (see, for example, Resnick et al, 1991, Steffe &

Gale, 1995 and much of my own writing). How close to this model of learning

mathematics would be the practices of research mathematicians as they came to know?

The study was interpretive, relying upon data collected by tape-recording and by

taking detailed notes of 64 face to face interviews and 6 telephone interviews.

Interviews averaged an hour and a half in length. Since I was interested in interviewing

equal numbers of females and males, I approached female mathematicians. When they

expressed interest in joining the study, I asked them to find a male “pair” preferably in

their own institution. I did not dictate what constituted a “pair” but asked that they

would indicate to me what governed their choice. In no case did this appear to present a

problem to the research. The majority chose someone at a similar level of the hierarchy

European Research in Mathematics Education I: Group 1 88

http://www.fmd.uni-osnabrueck.de/ebooks/erme/cerme1-proceedings/cerme1-proceedings.html



to themselves and/or in the same mathematical speciality. I have three marital pairs.

The table below shows the distribution of the participants, by status and sex:

Post-doc Lecturer
Senior

Lecturer
Reader Professor

Snr Research

Officer

Research

Fellow

Females 1 19 7 3 3 1 1

Males 1 17 9 2 6

Tab. I

I interviewed in 22 institutions, of which 4 were new universities, in England,

Scotland and Ireland, North and South. Prior to the interview, participants were

provided with a one-page outline of the topics of interest (see appendix). These related

to their “history”and their current research practices, and to how they come to know

mathematics. They were offered the option, which none used, of deleting anything they

did not wish to discuss and were assured that typed notes of the interview would be

returned to them so that they could agree their contents, amend, change or delete. They

were guaranteed anonymity. The data were entered into NUDIST, a qualitative

analytical computer-based tool and quantitative data were collected, computed and

tabulated on EXCEL.

The interviews were discursive in style and the participants were free to introduce

and explore issues of their choice. Although teaching and learning were not the subject

of the interviews, in the course of describing their experiences, participants inevitably

talked of themselves as learners and as teachers. The resulting analysis is mine as are

the interpretations although these are made on the basis of an extensive data-base.

In this paper, I am reporting, briefly, upon how these research mathematicians talk

about the five epistemological categories in my model and what, as mathematics

educators, we can learn from this with respect to the learning and teaching of

mathematics. Other papers in preparation deal with themes which emerged from the

research.
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2. The person- and cultural/social relatedness of mathematics

I began the study with a conjecture that the process whereby mathematicians are

encultured into their discipline during their period of study would be strong enough to

overlay any other differences, such as sex, with respect to how they understand and

practise mathematics. While it was certainly the case that these research

mathematicians were predominantly Platonist in their epistemological view, the

variation between them was startling. Many, like this male Professor,

“don’t think philosophically about mathematics”.

A female Reader said:

“I don’t think about it. I am just curious and I do it.”

However, a female statistics Professor said:

“Some of the time I am a Platonist. As mathematicians we want to believe that it

is objective but I guess rationally I think it is socio-cultural, and emotionally I

want to believe it is objective.”

A female pure mathematics lecturer said:

“I think mathematics is a product of people. It does turn out to be extremely

useful. But even utility is a cultural product”

whereas a male pure mathematics lecturer provided an explanation for the

contradictory positions in which some participants found themselves:

“There is a desire to be a Platonist, to accept these ideas as ‘truths’ but there is a

contradiction that I cannot really do that. On the one hand, I agree with the

cultural dependency argument, but on the other hand, I do find appealing the

idea that it might be possible to build something which would be meaningful to

some other race of people or creatures.”
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For these mathematicians, as he explained, some of the excitement of mathematics

lies in its power to provide a Big Global Picture. Another pure mathematician, in

claiming that:

“the only thing mathematicians can do is tell a good story but those stories do

uncover mathematical truths”

tapped, at the same time, into narrative relativism and mathematical positivism.

It was possible to discern a distinction between those in pure mathematics and those

in applied mathematics or statistics. Applied mathematicians emphasised utility:

“you can do things with it, you can model real things, you can make predictions,

you can compare experiments”

and were mainly concerned about

“describing physical things using formulae that work, modelling the real

world”.

But even this very practical approach did not preclude this mathematician from

acknowledging the socio-cultural basis by

“having a set of rules, a language, which allows you to do that”.

While these research mathematicians believed, or at least hoped, that mathematics

was objective, their perspectives on how they came to know mathematics were

exceedingly personal. So they presented an epistemological dichotomy between

knowledge in mathematics, one said:

“knowledge is a question and an answer”

and their own mathematical knowing which they mostly described both more

personally and more lyrically. In the main, coming to know was explained as a process

of, either, inserting the last piece in a jigsaw puzzle or a geographical journey, a map, a

view. A male Reader claimed that:
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“The geographical metaphor is an intellectually reasonable metaphor because

you are faced with a problem so you are here and you solve the problem and you

are there - it is a sequence of journeys in that sense - and along the way you have

seen some new country.”

Their responses, as reported above, came from questions about what, for them,

constituted mathematics and how they knew when they “knew” something new.

Coming to know, and reflecting upon that process was not, they claimed, something to

which they gave much thought, neither for themselves, nor for their (research) students.

3. The aesthetics of mathematical thinking

Philip Davis and Reuben Hersh identify “aesthetic delight” as lying in the revelation of

“the heart of the matter” instead of in a “wiseguy argument” (op.cit: 298/301) Many

learners might wish that they could encounter aesthetic rather than “wiseguy”

arguments in mathematics but to do so there has to be a cultural agreement about what

constitutes an aesthetic argument and this must be shared with learners. The status of a

“wiseguy” argument has to be able to be challenged, especially by students. Some of

the research participants introduced ‘beauty’ or ‘elegance’ when asked to talk about

what made a result publishable. Others, when asked why they had failed to mention

aesthetics, once again took up very different positions along a continuum from

“I think words like beauty and elegance are over used”

through to

“Mathematics is closely related to aesthetics”

so there was no need to mention it. The, by now, familiar contradictions between

these extremes appeared along the way: For example:

“Beauty doesn’t matter”

but later in the same interview:
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“This is a three-dimensional generalisation of the two-dimensional problem I

have already done. I expected it to be the same and it is not the same. It is

annoying because if it were the same it would be beautiful...”.

A female pure mathematician said:

“I think beauty probably requires a culture before you can appreciate it”

while another drew a distinction:

“Elegance is more precise. It has to do with structure. Beauty is a reaction, you

can’t necessarily analyse it. You just feel it.”

A third explained:

“It is the chain of logic, the structure connecting the beginning to the end, the

completeness, the structure of the proof appealed to me aesthetically. When I

chose a branch of mathematics, it had to appeal to me in that particular kind of

way.”

These factors to which she was drawing attention do constitute a culture which is

identifiable and teachable, a culture which is not only about acceptable mathematical

dialogue, but also about feelings. The feelings of delight and joy which many of the

mathematicians expressed when talking of their research, that is the aesthetic pleasure

they gain, could be set against their reactions against the “wiseguys”, those in their

community who attempt to obfuscate:

“So often they can put up hundreds of equations that you can’t take in, you might

have no idea what the person is talking about after the first five minutes. I think

this is a waste of time.”

4. The nurturing of intuition and insight

If, in the course of describing their search processes, they failed to mention intuition,

insight or a similar construct, I asked them why. There were a few participants who said

something like:
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“I don’t think intuition plays a part.”

However, most, whether they called it intuition or insight, recognised when

“a light switches on when I look at a problem.”

But this was not a mystical thing - they were clear that experience helped to show

“what works and what doesn’t.”

For the majority, their intuitions (or insights) played a major role in how they

conducted their research. Without being able to describe what these were, or how they

came by them, they ‘knew’ their importance. But many claimed their students were

different:

“one of the things I find about students, undergraduates in particular, is that

they seem to have very little intuition. They are dependent on being spoon-fed.

The ability to look at a problem from different angles is crucial.”

This seems to me to be a devastating comment on the teaching style experienced by

students. If intuition, or insight, is as important to mathematics as many claimed to me

(and see Hersh, 1998), and as important to mathematics education as is claimed by

Efraim Fischbein (1987), why do teachers do so little to acknowledge and nurture it?

5. Styles of thinking

I set out on the study with two conjectures with respect to thinking style neither of

which was confirmed. One was that I would find two different thinking styles well

recorded in the literature, the visual and the analytic (for example, see Hadamard, 1945:

86). The other was that research mathematicians would move flexibly between the two.

When talking me through how they solved problems, I found that the participants

offered evidence on three, not two, different thinking styles which I am now calling
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Style A: Visual (or thinking in pictures, often dynamic),

Style B: Analytic (or thinking symbolically, formalistically) and

Style C: Conceptual (thinking in ideas,classifying).

Differentiated between pure, applied and statistics, my participants spread across

the three styles in the following ways (female/male shown in brackets):

Pure Applied Statistics Totals

A 22 (12/10) 14 (5/9) 10 (5/5) 46 (22/24)

B 11 (7/4) 11 (5/6) 7 (2/5) 29 (14/15)

C 11 (8/3) 15 (6/9) 7 (4/3)

Totals 44 (27/17) 40 (16/24) 24 (11/13) 33 (18/15)

TAB. II

The numbers do not sum to 70 since, although 25 mathematicians claimed to make

use of just one style of whom, for 15, it was Style A (9/6), for 3 it was Style B (2/1) and

for 7 it was Style C (4/3), the majority, 42, used a combination of two out of the three

and 3 claimed to use all three styles (2/1). Examples of the 3 possibilities of two style

combinations follow:

Style A/B: “I think very visually and I mostly only have recourse to algebra when I have

to work out a proof rigorously.”

Style A/C: “I always see the set rather than the group that acts on it. It is a mental

picture. I cannot imagine thinking in a way that is completely non-visual...Depending

on what the problem is but usually I am trying to count how many different orbits there

are so things fall into classes so you can move within a class.”

Style B/C: “I am not a very visual person. I think in terms of equations but I think it is

problem driven. I don’t think I can ever deal with solid geometry problems. If I am

looking for a taxonomy, I use hierarchies, classificatory pictures.”
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66% of the 70 participants claimed to be using Style A alone or in combination, 37%

Style B and 47% Style C. The breakdown between female and male does not justify the

assertion of difference and certainly does not substantiate the stereotype of the visual

male.

From the perspective of a mathematics educator, a number of things are worrying

about this emerging picture. First, those who claim not to use a visual style of thinking

appear to be aware that there are other thinking styles but for many of the others there

appeared to be an assumption that everyone thought about mathematics in the same

way as they did. Second, most of my participants did not appear to realise that thinking

and learning styles go very closely hand-in-hand - a lecturer with one dominant style is

likely only to be communicating fluently with those students who share that style.

Third, teaching materials are not constructed to exploit differences between thinking

styles and offer alternative views, pathways, for reaching a particular mathematical

goal.

6. Connectivities

I asked the mathematicians how important it was that their mathematics connected

either to other mathematics or to other so-called real-world data. Their answer was,

very important. Few of my participants were not interested in connectivities whatever

their area of speciality. Sometimes these connections were to real world phenomena. A

female Reader said:

“Sometimes areas overlap and that is important. I am very interested in

connecting up areas. Applicability across fields is important”

Another participant linked epistemological areas in saying

“The aesthetic is the aesthetic of the connections”.

Yet another pointed out that
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“your work is not geared immediately to applications although it would be

excellent if one could establish the bridgehead which allowed that. One is

always keen to try that.”

A lecturer summed up her ambition to put another piece into the jigsaw puzzle

“because it is linking in with something else you feel that what you have been

doing is part of something bigger.”

The drive to establish connectivities was spoken about, by my participants, with

great passion. And yet mathematics is presented to learners in disconnected fragments

and the individual is usually left to achieve any connection that might be made on their

own.

7. Conclusions

“I am still fascinated by the phenomena of quantum mechanics.” (Female

Reader in applied mathematics)

“When I think I know, I feel quite euphoric. So I go out and enjoy the happiness.

Without going back and thinking about whether it was right or not, but enjoy the

happiness.” (Male pure mathematics lecturer)

“It is just fun.” (Female Reader in pure mathematics)

“You can do all these interesting and exciting things without having to go out

and do things with them. Whether what you are thinking about is new, research,

known things or not, for you it is all new. (Male Professor of pure mathematics)

There is a world of difference between the excitement, fascination and fun

expressed by these research mathematicians, and the examples of pupils’ comments

about learning mathematics in a transmissive style given by Jo Boaler (1967):

“Normally, there’s a set way of doing it and you have to do it that way. You can’t

work out your own way so that you can remember it.” (Carly, year 11) (p.23)
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“Yeah, he gives you the answere, you write the answer down and that’s

it.”(Helen, year 11) (p.22)

“In maths, there’s a certain formula to get to, say from a to b, and there’s no

other way to get to it, or maybe there is, but you’ve got to remember the formula,

you’ve got to remember it.” (Simon, year 11) (p.36)

But, the pupils she interviewed who had enquired into and explored mathematics,

possibly using approaches not too dissimilar from the research mathematicians, were

clear about the benefits of such project or coursework:

“It’s more the thinking side to sort of look at everything you’ve got and think

about how to solve it.” (Jackie, year 10) (p.100)

“Yeah, and you understand how they got it, when you’re working from a book

you just know that’s the thing and that you just stick to it, you tend to understand

it more from the activities.” (Lindsey, year 11) (p.100)

“Well, when we used to do projects, it was like that, looking at things and

working them out, solving them - so it was similar to that, but it’s not similar to

this stuff now, it’s, you don’t know what this stuff is for really, except the exam.”

(Sue, year 11) (p.103)

In this paper, I have used a five category model to describe the epistemological

positions of research mathematicians. The model matched well with how they

discussed coming to know mathematics but not at all in the ways that I had expected.

They all agreed on the importance of connectivities, although not necessarily to

themselves. On the other four categories what was underlined was their great variety.

Responses lay along a continuum between opposites (there is no such thing - to - it is the

most important thing) or offered more than one possibility. When talking about their

research, these mathematicians talked, as above, in very emotive terms, describing

frustration and difficulty but always in the context of (sometimes rare) pleasurable

reward. There were two quite major surprises from the study. The first was with respect

to the mathematicians’ thinking styles, described above. The second lay in the

pervasive collaborative organisation with which they described how they did their

research. Unlike the model of the isolated mathematician, alone in his (sic) study, these
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mathematicians were either working with colleagues in other disciplines (which I

describe as co-operation, see Burton, forthcoming) or were collaborating with others in

the same disciplinary speciality to a degree that the papers that were produced were

“seamless”, that is they could not recognise who had contributed what. When asked

why they were collaborating so extensively, they produced all the same reasons which

can be found in the mathematics education, and the general education, literature, as to

the benefits of collaborative group work. These included benefitting from the

experience of others, sharing the work, increasing the quantity and quality of ideas and

enhancing the range of skills (ibid).

These outcomes lead me to ask a number of questions that are relevant to

mathematics education.

Why do learners tend to encounter mathematical knowledge without the exciting

experiences of making personal and socio/cultural connections through their very

varied styles of coming to know that mathematics? If we are honestly worried about

students turning away from mathematics, we have a responsibility to make it’s study

more akin to how mathematicians learn and to be less obsessed with the necessity to

teach “the basics” in the absence of any student’s need to know.

Why is mathematics presented in such a way as to deny learners the thrill and

experience of perceiving its aesthetics?

Blindness to the aesthetic element in mathematics is widespread and can

account for a feeling that mathematics is dry as dust, as exciting as a telephone

book, as remote as the laws of infangthief of fifteenth century Scotland.

Contrariwise, appreciation of this element makes the sugject live in a wonderful

manner and burn as no other creation of the human mind seems to do. (Davis &

Hersh, op.cit., p.169).

As we all know that the learning of the telephone book does not fill anyone with

enthusiasm, it is unsurprising that this style empties our classrooms, mentally and

physically, of students. The mathematicians above would not dream of trying to learn

the telephone book but many of them are as much engaged in its dissemination as

school teachers.
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How might we accord respect to young people’s intuitions or insights in

mathematics, nurture them and help them to make links between these insights and the

power and function of proof? I am convinced that a teaching style which encouraged

learners to explore their intuitive reactions to a situation, whether these were apparently

consistent with the ‘required’ knowledge or not, would be more likely to provoke

learning than denial of their possibilities.

What curriculum developments need to be encouraged in order to alert teachers to

differences in thinking style and to provide opportunities for learners to exploit their

dominant style and learn from its distinctiveness? In the development of an agenda for

teacher education, this would seem to me to be far more important than the specifics of

the mathematics curriculum.

Finally, how can we avoid the fragmentation of the curriculum and help teachers

and learners to incorporate connections as a necessary part of the learning scene?

To sum up, it is apparent from the data that, working as these mathematicians do at

the cutting edge of their disciplinary areas, they are engaged on a creative endeavour

which demands a very different epistemological stance from the one which pervades

the teaching and learning of mathematics. I believe identifying their practices and

demonstrating their validity as ways of learning is enormously helpful to opening with

them a long overdue pedagogical debate.
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Appendix

Interview

The questions below are meant to give direction if we need it but not to be a requirement

of how our conversation must develop.

About you:

1. Can we chart the historical trajectory of your becoming a mathematician?

2. From your experiences, what would you say you have learnt about mathematics?

3. What would you say you have learnt about yourself?

4. What would you say about how you come to know maths?

5. Is there anything you would like to say about your undergraduate or postgraduate

experiences of coming to know maths?
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6. How would you describe your experiences of research supervision and yourself as a

supervisor of research students?

7. Of which mathematical community would you claim membership? Is that

membership important and in what ways?

8. Do you have experience of collaborating on any research projects? Will you

describe that experience and say what you have learnt from it or explain why you

think collaboration is not helpful to you?

About how you come to know mathematics:

1. What do you now believe mathematics is? That is, how would you describe the

focus of your work?

2. So what IS a mathematician, do you think?

3. Who are the mathematicians?

4. When you are acting as a mathematician, can you explain what you do, what

choices you have, what leads you to make one choice rather than another?

5. Do you always know when you have come to know something new? How?

Have you been justified/unjustified in this confidence?

6. Has it always been like this?

7. Do you know whether a result will be considered important, interesting or rejected

by your community?

8. Do you share their criteria? What are they?

9. Where do you find the problems on which you work and what makes them

something which engages you?

Conduct:

Anything from the above list which you do not want to discuss we can delete before the

interview begins. The interview will be audiotaped and I will also take handwritten

notes. Typed notes of the interview will be returned to you afterwards so that you can

agree their contents, amend, change or delete. These agreed notes will be the basis of

the analysis which I do, backed up by the audiotapes where necessary. All information

will be maintained as confidential. Copies of any subsequent publications will be

offered to you.
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